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ETSD $P_{TL}(\tau, \lambda)$ ETSD $P_{TL}(\tau, \lambda)$
[4]:
$e^{\psi(\zeta,\lambda)} = \int_{-\infty}^{\infty}P_{TL}(\tau, \lambda)e^{i\zeta\tau}d\tau$, (1)
$\psi(\zeta, \lambda) = \int_{-\infty}^{\infty}(e^{i\zeta_{\mathcal{T}}}-1)f(\tau, \lambda)d\tau$ , (2)
$f(\tau, \lambda)$ [7, 14]:
$f(\tau, \lambda)=\{\begin{array}{ll}0, (\tau<0)-c\frac{\tau^{-1-\alpha}e^{-\lambda\tau}}{\Gamma(-\alpha)}, (\tau>0) ,\end{array}$ (3)
$\Gamma(x)$ $c>0$ $\alpha\in(0,1)$
$\lambda\geq 0$ [Eq. (6)].
$\lambda=0$ PTL $(\tau, \lambda)$ $\alpha$
$:P_{TL}(\tau, 0)\sim 1/\tau^{1+\alpha}(\tauarrow\infty)[4].$
– $\psi(\zeta, \lambda)$ :
$\psi(\zeta, \lambda)=-c[(\lambda-i\zeta)^{\alpha}-\lambda^{\alpha}]$ . (4)
$n\psi(\zeta, \lambda)=\psi(n^{1/\alpha}\zeta, n^{1/\alpha}\lambda)$ $(n\geq 0$ $)$ .
$\tau_{k}(k=1,2, \ldots)$ PTL $(\tau_{k}, \lambda)$ $n$
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PDF $P_{TL}^{n}(\tau, \lambda)$ ( $T_{n}= \sum_{k=1}^{n}\tau_{k}$ PDF)
$P_{TL}^{n}(\tau, \lambda)=n^{-1/\alpha}P_{\Gamma L}(n^{-1/\alpha}\tau, n^{1/\alpha}\lambda)$ (5)
(4) (1) $P_{\Gamma L}(\tau, \lambda)$
:
$P_{TL}( \tau, \lambda)=-\frac{e^{c\lambda^{\alpha}-\lambda\tau}}{\pi\tau}\sum_{k=1}^{\infty}\frac{\Gamma(k\alpha+1)}{k!}(-c\tau^{-\alpha})^{k}\sin(\pi k\alpha)$ .
(6)
ETSD $P_{TL}(\tau, \lambda)$ PTL $(\tau, 0)$ $e^{-\lambda\tau}$
:PTL$(\tau, \lambda)\propto e^{-\lambda\tau}P_{TL}(\tau, 0)$ .
3 CTRW with alpha stable trapping times
$h(t’): \overline{h}_{t}\equiv\int_{0}^{t}dt’h(t’)/t$ ( $t$
). $h(t’)$ :
$h(t’)= \sum_{k=1}^{\infty}H_{k}\delta(t’-T_{k})$ , (7)
$T_{k}>0(k=1,2, \ldots)$ $k$
$H_{k}(k=1,2, \ldots)$ 2 : $\langle H_{k}\rangle=\langle H\rangle$
( $\langle H\rangle$ $k$ ), $4k$
$\frac{1}{n}\sum_{k=1}^{n}H_{k}\simeq\langle H\rangle$ , as $narrow\infty$ . (8)
(8) $\langle H_{k}H_{k+n}\rangle-\langle H_{k}\rangle\langle H_{k+n}\rangle$ $n^{-\gamma}(\gamma>0$
$)$ [3]. (7) (8) $t$








$\overline{(\delta r)^{2}}(\triangle, t)\equiv\frac{1}{t-\triangle}\int_{0}^{t-}$ $|r(t’+\Delta)-r(t’)|^{2}dt’$ , (10)
$H_{k}$ $H_{k} \equiv\triangle+2\sum_{l=1}^{k-1}(dr_{k}\cdot dr_{l})\theta(\triangle-(T_{k}-T_{l}))$
$d$- $dr_{k}$ $T_{k}$ $\theta(t)$
$\theta(t)=t(t\geq 0$ $)$ , $\theta(t)=0$ ( ) $\langle H_{k}\rangle=\triangle$
$\langle H_{k}H_{k+n}\rangle-\langle H_{k}\rangle\langle H_{k+n}\rangle=0(n\geq 1)$ (9)
$\overline{(\delta r)^{2}}(\triangle, t)\simeq\frac{N_{t}}{t}\triangle$ , (11)
(11) $N_{t}$ TASD
$D_{t} \simeq\frac{N_{t}}{t}$ . (12)
1 17 TASD TASD
$D_{t}$
4 Statistics of diffusion coefficient
4.1 Real space analysis
$\overline{h}_{t}$ PDF $\overline{h}_{t}$ PDF
[ (9)] $\overline{h}_{t}$ :
$G(n;t)\equiv$ Prob $(N_{t}<n)=Prob(T_{n}>t)=$ Prob $( \sum_{k=1}^{n}\tau_{k}>t)$ , (13)
Prob $(\cdot)$ $\tau_{k}(k=1,2, \ldots)$ $(k-1)$ $k$
(13),









1: TASD $\overline{(\delta x)^{2}}(\Delta, t)$ vs time interval $\Delta$ in log-log form (1 $d=1$ ).
$tl$ $t=10^{5}$ , $\lambda$ $=10^{-5},$ $\alpha=0.75$ , $c=1$
TASD 17 (
). 17 ( )
(5) $\tau_{k}(k=1,2, \ldots)$
( $t$ ) $n$ $z$ : $n=t^{\alpha_{Z}}$ . (6),
(13) (14)
Prob $( \frac{N_{t}}{t^{\alpha}}<z)$ $=$ $- \frac{e^{c(t\lambda)^{\alpha}z}}{\alpha\pi}\sum_{k=1}^{\infty}\frac{\Gamma(k\alpha+1)}{k!k}$
$\cross(-cz)^{k}\sin(\pi k\alpha)a_{k}(t)$ , (15)
$a_{k}(t)(k=1,2, \ldots)$ $a_{k}(t) \equiv\int_{0}^{1}d\tau e^{-t\lambda\tau^{-1/(\alpha k)}}$ (15) $z$
$z=N_{t}/t^{\alpha}$ PDF :
$f_{\lambda}(z;t)$ $=$ $- \frac{e^{c(t\lambda)^{\alpha}z}}{\alpha\pi}\sum_{k=1}^{\infty}\frac{\Gamma(k\alpha+1)}{k!}(-c)^{k}[\frac{c(t\lambda)^{\alpha}z}{k}+1]z^{k-1}\sin(\pi k\alpha)a_{k}(t)$ . (16)
(9) (16) $\overline{h}_{t}t^{1-\alpha}/\langle H\rangle$ PDF $D_{t}t^{1-\alpha}$








2: $D_{t}$ PDF $(d=1)$ . PDF 1
$D_{t}$ $TASD\overline{(\delta x)^{2}}(\triangle, t)$ $0<\triangle<10$
3 : $t=10^{4}$ (circles), $10^{5}$ (squares),
and $3\cross 10^{5}$ (triangles). $\lambda=10^{-5},$ $\alpha=0.75$ , $c=1$
[ (16)]
4.2 Laplace space analysis
[relative standard deviation $(RSD)$ ] $R(t)=\sqrt{\langle(\overline{h}_{t})^{2}\rangle_{c}}/\langle\overline{h}_{t}\rangle$ $\langle\cdot\rangle$
$\langle\cdot\rangle_{c}$
$R(t)\approx 0$ ( )
$R(t)>0$
$R(t)$








3: RSD $\sqrt{}/\langle D_{t}\rangle$ vs $t(d=1)$ . $D_{t}$ TASD $\overline{(\delta x)^{2}}(\triangle, t)$
$0<\Delta<1$ $\lambda$ 3
: $\lambda=10^{-4}$ (circles), $10^{-5}$ (squares), and $10^{-6}$ (triangles). $\alpha$ $c$
$\alpha=0.75$ $c=1$ [ (20)] ;
$t\ll t_{c}$







$\langle N_{t}\rangle\simeq\{\begin{array}{ll}\frac{t^{\alpha}}{c\Gamma(\alpha+1)}, t\ll 1/\lambda\frac{t}{c\lambda^{\alpha-1}\alpha}+\frac{1-\alpha}{2c\lambda^{\alpha}\alpha}, t\gg 1/\lambda.\end{array}$ (19)
CTRW [The ensemble-averaged square displace-




$\frac{\sqrt{\langle N_{t}^{2}\rangle_{c}}}{\langle N_{t}\rangle}\simeq\{\begin{array}{ll}\sqrt{\frac{2\Gamma^{2}(\alpha+1)}{\Gamma(2\alpha+1)}-1}, t\ll 1/\lambda(1-\alpha)^{1/2}\lambda^{-1/2}t^{-1/2}, t\gg 1/\lambda.\end{array}$ (20)
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$D_{t}$ RSD [
: (9) (12) ].
$t_{c}$ :
$t_{c}= \frac{(1-\alpha)}{2\Gamma^{2}(\alpha+1)/\Gamma(2\alpha+1)-1}\lambda^{-1}$ . (21)
3 RSD $t_{C}$
6. 3
RSD (pluses $”+$ ).
$\lambda=10^{-6}$ ETSD (triangles)
ETSD
5 Generalized fractional Fokker-Planck equation
ETSD Generalized fractional Fokker-Planck equation (GFFPE)
[5]. CTRW
7( FFPE [13, 3, 9]).
$P(x, t)$ $t$ PDF $P_{0}(x)$ : $P_{0}(x)\equiv$
$P(x, 0)$ . ( $t$ ). CTRW
$x$ 1 $x=x0,$ $x\pm 1,$ $x\pm 2,$ $\ldots$
$\psi(x, t)dxdt$ $t$ $x$
$\psi(x$ , $t$
$\phi(t)$ :
$\phi(t)=1-\int_{-\infty}^{\infty}dx’\int_{0}^{t}\psi(x’, t’)dt’=1-\int_{0}^{t}w(t’)dt’$ . (22)
$Q(x, t)dtdx$ $[t, t+dt)$ $[x, x+dx)$
:
$P(x, t)$ $=$ $\int_{0}^{t}dt’\phi(t-t’)Q(x, t’)+\phi(t)P_{0}(x)$ , (23)
$Q(x, t) = \int_{-\infty}^{\infty}dx’\int_{0}^{t}dt’\psi(x’, t’)Q(x-x’, t-t’)+\int_{-\infty}^{\infty}dx’\psi(x’, t)P_{0}(x-\alpha(’94)$




$\tilde{P}(k, u)=\frac{1-\tilde{w}(u)\tilde{P}_{0}(k)}{u1-\tilde{\psi}(k,u)}$ , (26)
$\tilde{\phi}(u)=(1-\tilde{w}(u))/u$ [ (22) ].
PDF $\psi(x, t)$ : $\psi(x, t)=l(x)w(t)$ .
$l(x)$ PDF $karrow 0$
$\tilde{l}(k) \simeq 1-\frac{\langle\delta x^{2}\rangle}{2}k^{2}$ (27)
$\langle\delta x^{2}\rangle$ 1 2 :
$\langle\delta x^{2}\rangle=\int_{-\infty}^{\infty}dxx^{2}l(x)$ . 1
CTRW $\langle\delta x^{2}\rangle=1$ $w(t)$ ETSD
PTL $(t)$ :
$\tilde{w}(u)\simeq 1-c[(\lambda+u)^{\alpha}-\lambda^{\alpha}]$ , (28)
$\lambda,$ $u\ll 1$ (26)
:
$u \tilde{P}(k, u)-\tilde{P}_{0}(k)\simeq-\frac{\langle\delta x^{2}\rangle}{2c}\frac{uk^{2}}{[(\lambda+u)^{\alpha}-\lambda^{\alpha}]}\tilde{P}(k, u)$ . (29)
$\frac{\partial P(x,t)}{\partial t}=K\hat{\Phi}_{t}\frac{\partial^{2}P(x,t)}{\partial x^{2}}$ , (30)
$K$ $K=\langle\delta x\rangle^{2}/2c$ $\hat{\Phi}_{t}$
:
$\hat{\Phi}_{t}f(t) \equiv \frac{d}{dt}\int_{0}^{t}M(t-t’)f(t’)dt’$ , (31)
$M(t)$ $(u)$ :
$\tilde{M}(u)=\int_{0}^{\infty}dte^{-ut}M(t)dt=\frac{1}{(\lambda+u)^{\alpha}-\lambda^{\alpha}}$ . (32)








$t$ PDF [ (16)]. (ii)
( )
( ). (iii) (
) (
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